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PROBLEM 1: SIMPLE APLICATIONS AND TIME INDEPENDENT POTENTIALS

mw%z
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Consider a particle of mass m submitted to a time independent potential V' =

where x is the position and w the angular frequency of the oscilator.

(a) (20%) Obtain the wave function corresponding to the first excited state at t = 0,
\Ifl(I, 0)

Now, suppose the quantum state of the particle is described by the wave function
Uz, 0) = C [Wo(x) + 30 (x)],

where Wq(x) is the wave function corresponding to the ground state.

(b) (30%) Calculate the constant C' and the probability to find the particle in a region
of width dx around the position z.

(c) (30%) Determine both the amplitude and the oscillation frequency of (z).

(d) (20%) When one measures the energy of the particle, which values can be obtained
and what are the probabilities to find them?

Formula list:
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PROBLEM 2: ANGULAR MOMENTUM

Consider the position and momentum operators along two orthogonal directions
for two one-dimensional harmonic oscillators, which satisfy the commutation relations

[xapx] =th= [y,py], [l'ay] = [xapy] = [yvpz] = [pm,py] =0.

(a) (30%) Find the commutation relations between the operators

—\ 2n mw /)’ \ 2n mw )’
_ Py P mw o ipy
b 2h (y~|— mw)’ b 2h (y mw>'

(b) (20%) Obtain zp, — yp, in terms of the operators a, a', b e b'.

(c) (30%) Define J, = ha'b, J_ = hb'a, and J, = g (a'a — bfb) . Show that these

operators satisfy the following commutation relations

1], J2] = £hJy, [J,, J_] = 2hJ..

(d) (20%) Show that zp, — yp, commutes with the total number of excitations of the
oscillators N = a'a + b'b.

Formula list:

[AB,CD| = A[B,C]D + [A,C]BD + CA[B, D] + C[A, D|B
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PROBLEM 3: PERTUBATION THEORY

Consider a particle of mass m confined to the infinite two-dimensional well:

_ 0, f0<z<aand 0<y<a,
Viz, y) = { 00, otherwise.

Y
a
Now, the following pertubation is added to the system ;/5‘//:?
Vo, if0<z<a/2and 0<y<a/2, | ///M
H =< 2Vp, ifa/2<x<a and a/2 <y <a, ;/V/
0, otherwise. / %
_Q 7

a x

(a) (30%) Calculate the first order correction to the energy of the ground state.
(b) (40%) Calculate the first order correction to the energy of the first excited state.

(c) (30%) Obtain the normalized wave function of the perturbed first excited state.

Formula list:

9 X — Sen x cos
sen “x dx = 5 + constant,

b bx) — b
/sen (az)sen (bx) dz = sen (az) cos(bz) — a cos(az)sen (bz) + constant, ifa#b

a2 — b2
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PROBLEM 4: IDENTICAL PARTICLES

The two electron state in a hellium atom is described by
|T17 To, My, m2> — |T17 7"2> |m17 m2> 5

where the spatial |r1,72) and the spin |mq, ms) dependencies are separable. Each spin
m; = +, where ¢ = 1, 2, may be parallel or antiparallel to a reference axis.

(a) (50%) Let P denote the operator which interchange electrons 1 and 2. Find a base
in which P is diagonal.

Sugestion: Check how P acts on |mq,ms).
(b) (20%) Consider that the spatial dependence |ry, r2) of a given state is symmetric un-

der the permutation between ry and ry, P |ry,73) = |ro,71). Determine the possible
spin states of the system.

(c) (30%) Consider that the spatial dependence |ry,r9) is antisymmetric with respect to

the permutation between r1 e ro, P |ry,r9) = — |re, 7). Determine the possible spin
states of the system.

Formula list:

Plg) =4} (bosons), Plg)= |4} (Fermions)
Siel=) = =51, Siel+) =2 1+)




